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Abstract 

We show how to map gravitational theories formulated in the Jordan frame to the 
Einstein frame at the quantum field theoretical level within the semi-classical approx- 
imation. As an example, we consider gravitational theories in the Jordan frame of the 
type F(<j), R) = f(<j)) R — V(4>) and perform the map to the Einstein frame. Our results 
can easily be extended to any gravitational theory. 
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1 Introduction 



General Relativity is an extremely successful theory which has now been probed extensively 
The beautifully simple Einstein-Hilbert action 



incorporates all our current knowledge of gravity. In this equation, the symbol G stands for 
Newton's constant, g the determinant of the metric tensor and R is the Ricci scalar which 
is uniquely determined by the metric tensor. However, in general, gravitational theories will 
contain higher dimensional terms such as R 2 or R^R^ and fields of different spins. For 
example when Einstein's gravity is coupled to the Standard Model one needs to introduce 
particles of spin 0, 1/2 and 1 on top of the spin two metric tensor which represents the 
graviton. In inflationary theories, one often introduces an inflaton which is represented by a 
scalar degree of freedom. 

As we shall see shortly, the coupling of scalar fields allows for interesting complications 
as scalar fields can be coupled naturally in a non-minimal way to the gravitational field. 
With the discovery of a scalar boson at the CERN Large Hadron Collider we now know 
that there are such elementary scalar fields in nature. For example a neutral scalar field 
can be coupled to the Ricci scalar using <fr 2 R which is a dimension four operator. Such a 
non-minimal coupling leads to an action of the type 



where £ is the non-minimal coupling of the field to the curvature scalar. 

A general gravitational theory will contain scalar fields. In these generalized scalar-tensor 
gravitational theories pQ, the notion of frame becomes relevant. It is common to construct a 
gravitational theory using one set of variables and then to map the original fields to another 
set of variables to make calculations easier. This is called a field redefinition. Each individual 
set of variables is conventionally called frame. The Jordan frame is the one in which the 
gravitational field couples with scalar fields in a non-minimal way while the Einstein frame 
is the one where such non-minimal couplings are absent. In other words, starting from the 
Jordan frame, it is always possible to perform a redefinition of the scalar field and the metric 
tensor to obtain a Lagrangian without the non-minimal coupling. This frame is called the 
Einstein frame since the coefficient in front of the Ricci scalar is l/(167rG) and thus has 
the form of the usual Einstein-Hilbert action. While it is often convenient to build a model 
in the Jordan frame, calculations may appear to be more difficult to perform using these 
degrees of freedom and frequently relativists and cosmologists transform their models to the 
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Einstein frame to compare with existing inflationary calculations to bound the parameters 
of their models. The transformation between these two frames are governed by certain field 
reparameterizations relating the scalar field, metric and all the other relevant variables, see 
e.g. jMU. 

This concept can be generalized to any number of scalar fields and arbitrarily complicated 
couplings between the scalar fields and the metric. While it is well understood how to map 
theories formulated in the Jordan frame to the Einstein frame, we show how to perform this 
map at the quantum level. We emphasize that the transformation from one frame to another 
only implies a field redefinition of the scalar field and the metric tensor. In a path integral 
formulation of quantum field theory, fields are dummy variables which are summed over. As 
long as the field redefinition does not violate any of the symmetries of the model, physics 
cannot be affected and physics cannot depend on the frame. For example, field redefinitions 
are an important part of the renormalization program [12J. At the classical level we find that 
there is a boundary term which needs to be matched precisely when comparing a physical 
process described by a theory in the Einstein or in the Jordan frame. The importance of 
boundary terms has been noted in [13]. At the semi-classical level we find new non-local 
terms which need to be taken into account when comparing the different frames. 

We shall first review the field redefinition used when transforming a gravitational theory 
from the Jordan to the Einstein frame at the classical level and then compare the theories at 
the semi-classical level, i.e., we shall not attempt to quantize gravity and will only consider 
quantum effects of the scalar field. Then we shall consider the frame equivalence at the 
quantum level. 

2 Review of the classical equivalence and boundary 
terms 

Before studying a general class of F(R) theories, we shall review the case of a scalar field 
non-minimally coupled to the Ricci scalar. Note that we shall consider the transformation 
from the Jordan frame to the Einstein frame, but our results can trivially be used to consider 
the reversed transformation from the Einstein frame to the Jordan frame. 
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2.1 Non-minimally coupled scalar field 



As a prelude to the general discussion, we first consider the case of a non-minimally coupled 
scalar field ^<p 2 R. We define 

Q 2 = exp[a(x)} = 1 - 87rG^ 2 . (3) 

The transformations of the metric and scalar field are given by: 

~g ilv = tt 2 g^ u (4) 

= Q- 2 g^ 

~ (1- 8^(1 -6Q0 2 )V 2 ^ 

d(p = 1 - 8^ d(p 

v(4>) = or A v{<j>) 

k = »-' (Ji -n- / v f |fl ) 

= ^ R ~^ 

3 12Dvg 
= n (i? ~^"" 3 & } - 



These transformations^ are merely field redefinitions. 
We start from the usual Jordan frame action 



Sj = J ^^((y^-^^ + ^v^v^-^)) 



which is equivalent to 



s,j = I d'x^Tg- ( + + £R) - v{4>) + ) (6) 



(5) 



after a partial integration of the kinetic term of the scalar field. Using the inverse of the 
field redefinitions described in eqs. 01]) one obtains the action in the Einstein frame 

S E+b oun d ary = f d'x^g ( ^_ _ i _ f (0) + 1^(^<R0) - . (7) 



3 The potential term is introduced here for the sake of completeness. The following discussion focuses 
mainly on the free theory. Also the potential term does not contribute to the stress tensor and thus to the 
Jacobian because the stress tensor comes from the functional differential with respect to metric. In addition, 
the transformation is only singular at <p = (8irGt;)~i resulting in no gravitation degree of freedom and = 0. 
We do not consider these two trivial cases. 
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The last two terms are the boundary terms which in flat space-time would be discarded 
but which can be crucial in curved space-time. For the sake of simplicity, we introduce the 
following notation for these terms: boundary terms in the Lagrangian and surface terms 
in the action 

= d x^-gd^-g^ <pd v <p — ] 

= J da-[g» <j)d u <j) — ] \ d 

= (surface terms), (8) 

where da is the 3-dimensional volume element. Note that the covariant derivatives can be 
replaced by ordinary derivatives as we are dealing with scalar fields. One finds that the 
actions are equivalent up to some boundary terms: 

Sj — S E + (surface terms) (9) 

and 

Cj = Ce + <9 M (boundary terms) (10) 

with the understanding that 

Se = J dAx ^[^-\&-V{^j. (11) 

Note that we can start in the Jordan frame with non trivial boundary conditions such 
as Gibbons- Hawking terms if an open space is considered without any complication. Let 
us finish this simple example before turning our attention to the F(R) case by making a 
few remarks. First of all, it is important to realize that the field redefinitions which take 
the Jordan frame Lagrangian to the Einstein frame Lagrangian mixes the metric tensor and 
the scalar field. It is thus not easy to disentangle quantum gravity effects from quantum 
field theoretical effects in the scalar sector. We shall avoid this problem by using the path 
integral method in the semi-classical approach. Secondly the transformation involves the 
Planck mass and one thus needs to be very careful when comparing calculations done using 
perturbation theory (i.e. an expansion in 1/Mp) in one frame to calculations done in the 
other frame. There is no reason to expect that the one-loop result in the Jordan frame will 
match the one loop result in the Einstein frame as the order of perturbation theory does not 
match one to one. 
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One common mistake found in the literature is the following. One can easily be fooled 
into thinking that the transformations in Eq. (jlj) are symmetry transformations and that 
these transformations, in this specific case conformal transformations, are a symmetry of 
the action. This is not the case! The transformations in Eq. (J3J) are field redefinitions and 
not symmetry transformations. In particular it is well know that for a special value of the 
non-minimal coupling, namely £ = 1/6 the action (jSJ) has a classical conformal invariance 
which is anomalous at one loop. This does not mean that the theory cannot be mapped into 
the Einstein frame in a consistent manner. Indeed the theory in the Einstein frame is not 
conformally invariant. This is visible already at the level of the classical action. This does 
not imply that the theories are not equivalent. This is precisely an artifact of the mismatch 
of the perturbation theory mentioned above. 

The actions of the Jordan and Einstein frames are related by field redefinitions and these 
two actions are thus obviously equivalent. Indeed one always has the freedom to redefine 
fields in a theory as long as the Jacobian of the transformation is not singular. This constraint 
on the Jacobian is from time to time incorrectly interpreted as an anomaly free condition. 
While it is obviously true that the Jacobian is related to the question of the anomaly [T4H22] . 
the presence of an anomaly is not an obstacle when changing frames. If one identifies an 
anomaly in one frame it is just an indication that the corresponding symmetry is broken in 
any frame. 

At the quantum level, the frame equivalence of gravitational theories may appear to be 
less obvious. Indeed as mentioned above the literature is full of calculations in perturbation 
theory presenting results that appear to be different in one frame to the other. As explained 
above, because the definition of the Planck mass is different from one frame to the other, 
these results are meaningless. Furthermore, the vacua of the two frames are not the same 
and one needs to be extremely careful when comparing a given order in perturbation theory 
in one frame to a calculation at the same order in perturbation theory in another frame. 
There is no reason to expect that these orders should match. 

2.2 Transformation of the action for F(R) scalar-tensor gravita- 
tional theories 

In the following we considered the mapping of a F(R) = f(<p)R — V(4>) theory, i.e. in the 
Jordan frame, to the Einstein frame. These models represent a subset of the ordinary F(R) 
gravity models. This case is the generalization of the previous one. If we take /(</>) = <p 2 we 
recover the results obtained for the non-minimally coupled scalar field. 
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For the class of theories considered here, the conformal factor is given by 

dF 



n 2 = 16itG 
and one has the following field redefinitions: 



dR 



9v» 



v{4>) 

R 



(12) 



(13) 



ft 4 



y 



1 



'2/(0) + 6 



df\2\ V 2 



irV(0) 

n~ 2 (R - 6^ _1 no) 



tt- 2 (R-6 



7T' 



ir 2 (i? 



3 IF ' 



The Jordan frame action 



Sj = J d A x [F(0, R) + i^V^V^ 



(14) 



can be mapped to the Einstein frame for the special case F(4>, R) = /(</») R — V(4>) using 
the field redefinitions given above. One finds 



S f 



1 



d^x^-g [ — U(<f>)] + 



167rG 



(15) 



where = [167rG | /(</>) |] 2 V(<f)). Note that the boundary terms have the same form as 
that of (171). The last two terms lead to the boundary terms: 



1 . 

2 V 



+ 



3D lnft 



8nG 

3g fiu d u \ntt 1 



r 8ttG 
3^^1nO 

8^G J 



= (surface terms) 

which are identical to those found in Eqs. (J3]) and ([TO]) previously. 



(16) 
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3 Frame equivalence at the quantum level 



In this section we consider the path integral quantization formalism. The partition function 
for the Jordan frame theory is given by: 

Zj = N j d^]exj>(Uj d 4 xCj + J d 4 xV=gJ^y (17) 

We now show that it is equivalent to the partition function of the gravitational theory in the 
Einstein frame if the field redefinition is done properly. We shall actually work backwards 
and start from Ze defined by 



iV J dfi[(p] exp ^— d 4 xC,E + J d 4 x\/—^ J^cj^j^j (1 



and do field redefinitions using the prescription defined above. We obtain 

Z E = N J det C N > N d{i[(fi} exp d 4 x(Cj — <9 M (boundary terms)) + y/^g J^cj^J , (19) 

where Cn'n is the Jacobian of the transformation of the measure of the path integral. It is 
defined by 

dfi[4>N'] = det C N ' N dfj,[(f) N ), (20) 

where the N and N' represent the modes of the scalar fields in curved space. In the sequel, 
we will omit the indices. One can show that the Jacobian is proportional to the trace of the 
stress tensor. This is derived in detail in appendix A ^. One obtains 

iftm(detC) = ~ J dx 4 (Tty (21) 

with the expectation value of any operator defined in the curved space 

^ s (out, 0j_gJ out, 0) ^ 



and with the definition of the stress tensor = -^=-0^ and W = —i\nZ[0]. This leads 



to 



2 5W 

<T£) = gT- s (23) 

= (24) 



4 Note that the calculation is identical to the famous anomaly result [23H25j , it is however conceptually 
very different from the anomaly calculation since we are not considering symmetry transformations but 
rather field rcdcfintions. 
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The exact form of (Tfy is model dependent and can be calculated for specific models. We 
present some examples in appendix B. Our main result is 

Z E = N J dfj,[4>] exp l -(^J d 4 x [Cj - i(T£> - (boundary terms)^) + ^ .(25) 

While the classical boundary term was known, the semi-classical correction is new and should 
be taken into account when performing the field redefinition which maps a gravitational 
theory formulated in the Einstein frame to the Jordan frame. Assuming that the map is 
done correctly the two formulations are obviously physically equivalent since we are merely 
dealing with field redefinitions. 

Our calculation shows that the partition function of the theory defined in the Einstein 
frame can be mapped to the Jordan frame in a consistent manner. When mapping the 
quantum field theory defined in curved space-time, one encounters a Jacobian because of 
the transformation of field variables. Since the transformations only involve a redefinition 
of dummy variables, physics cannot be affected. 



4 Conclusion 



We have shown how to map gravitational theories formulated in the Jordan frame to the 
Einstein frame at the quantum field theoretical level. In a quantum field theory, fields are 
dummy variables. This is particularly obvious when using the path integral quantization 
formulation. Field redefinitions cannot affect the calculation of observables. In this paper 
we consider as an example gravitational theories in the Jordan frame of the type F(<f>, R) = 
f(4>) R — V(4>) and show that these models can be mapped to the Einstein frame. While it 
had been known that the theories were equivalent up to a boundary term at the classical 
level, we show that there is a new term which appears at the semi-classical level. The 
physical equivalence of the frames is obvious if the field redefinitions are done properly. Our 
results can easily be extended to any gravitational theory. In conclusion, we reaffirm that 
the frame transformation cannot affect the calculations of observables as long as the proper 
boundary terms and semi-classical terms are taken into account. Our work has interesting 
consequences for cosmologists who typically build gravitational models, e.g. of inflation, 
in the Jordan frame and then transform their theory to the Einstein frame to be able to 
constrain the parameters of their model without having to redo the standard, e.g. CMB, 
analysis in the Jordan frame. Our results imply that the map from one frame to the other 
can be made consistently and that the results obtained that way are reliable. 
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Appendix A 

In this appendix, we show that the Jacobian which appears in the field redefinition can be 
expressed in terms of the expectation value of the energy-momentum tensor. 

We start from the definition of the partition function 

(out, | in, 0) = Z = exp % -W = / d^U] exp l -S (26) 

n J n 



and 

r) / rnrf. I in. 0\ = 

h 



6 (out, | in, 0) = Uout, 0\SS\ in, 0). (27) 



The variation of W is given by 



(out, 


5S 


in, 0) 


(out, 


in, 0) 



where 



SW = ^7 ■«"."/ = _ ihZ - Hz = fM<P]6Sex P fS = {5S) 

J dn[<j>\ expfS 



5Z = % - / dn[(j)]5S exp % -S. (29) 

fl J fl 



The stress tensor is defined by T^ v = -^=^p^-. We then find 

SS = ^J d 4 xT^5g^ 

and 

5W=~J d 4 x (T^SsT (30) 

where we used J dfj,[4>] = J d^Xy/^g and 5W is given by equation ( f28|) . The Jacobian of the 
measure dfifyw] = det CN'Ndfi[(j)N] can be easily identified 

Z = J d[i{(f)} exp — S — > Z' = J dfjL[<j>] exp —S (31) 

i 

det C N > N dfi[(f) N ] exp —S (32) 
n 

exp^W -> exp^H/' = exp^(H/ + 5H/). (33) 
ft h n 



We thus find 



and finally 



SW = -iftln(detC 



N'N 



ift]n(detC. 



N'N j 



(34) 



(35) 



which can be integrated to obtain equation fl2T|) . 



Appendix B 



Let us first consider the conformal coupling and take a non-minimal coupling £ = | and a 
massless case for the scalar field. Using the adiabatic expansion, one finds the regularized 
expectation value of the energy-momentum tensor [TT f [271434] 



4vr 2 



120 



—G + —UR 
360 180 



where 

G = R a f}^^R a ^^ — AR a pR a ^ + R 2 
is the Gauss-Bonnet topological invariant and 

^a/37<5^ — -Kq«7(5-K — lti a Rti + — K 



(36) 



(37) 



(3? 



is the square of the Weyl tensor. The expectation value is purely local and is only dependent 
on the geometry and it does not depend on the choice of the vacuum. 

For a general non-minimal coupling, with a massive scalar field 0, the stress tensor is 
given by 

2 SSd, 



T, 



fW 



-9 Sg 



1 - 2OV^V„0 + ( 2£ - - ) g^VpWrC 



(39) 



R 



■fj,l> 



1 3 
-Rg^u + -{.Rg^ 



4> 2 - m 2 g^4> 2 . 



Its expectation value can be evaluated using the adiabatic regularization scheme in curved 
space [3"5T - [3"8"] 

( J^)(m> 2 + (e - \)Rm\ + ^) + - ") - H^rn'R- 1 )] (40) 



-m 2 (£ - -)R - -m 2 R - h{ - -) 2 R 2 
vs Q J 18 2 VS 6 ; 



2160 



-# 2 
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where ^f(z) = wjy- ^he contraction of indices can be worked out in a straightforward 
manner. This quantity is dependent not only on the geometry but also on the global (long 
distance behavior) and the chosen vacuum state. This is also dependent on the chosen 
background geometry; here we took de Sitter space. Any other F(R) type theory can be 
treated the same way. 

The expectation value of the stress tensor is finite in flat space and can be removed via a 
renormalization of the zero point of the potential energy. However in the curved space this 
quantity is divergent and will need to be renormalized using a renormalization scheme such 
as in adiabatic regularization, point splitting, dimensional regularization or the ( function 
regularization. It cannot be discarded in curved space-time as one cannot randomly change 
the ground state energy in the presence of curvature. 
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